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A new family of discrete-time quantum walks (DTQWs) propagating on a regular (1+2)D space-
time lattice is introduced. The continuum limit of these DTQWs is shown to coincide with the
dynamics of a Dirac fermion coupled to an arbitrary relativistic gravitational field. This family
is used to model the influence of arbitrary linear gravitational waves (GWs) on DTQWs. Pure
shear GWs are studied in detail. We show that on large spatial scales, the spatial deformation
generated by the wave induces a rescaling of the eigen-energies by a certain anisotropic factor which
can be computed exactly. The effect of pure shear GWs on fermion interference patterns is also
investigated, both on large scales and on scales comparable to the lattice spacing.
PACS numbers: 03.67.-a, 05.60.Gg, 03.65.Pm, 04.62.+v
I. INTRODUCTION
Discrete-time quantum walks (DTQWs) are unitary
quantum automata. They are not stochastic but can
be viewed nevertheless as formal quantum analogues of
classical random walks. They were first introduced by
Feynman[1, 2] in the 1940’s and later re-introduced, as
’quantum random walks’ by Aharonov et al. [3], and in a
systematic way by Meyer [4]. DTQWs have been realized
experimentally with a wide range of physical objects and
setups [5–11], and are studied in a large variety of con-
texts, ranging from fundamental quantum physics [6, 12]
to quantum algorithmics [13, 14], solid-state physics [15–
18] and biophysics [19, 20].
It has been shown recently that the continuum limit
of several DTQWs defined on regular (1+1)D spacetime
lattices coincides with the dynamics of Dirac fermions
coupled, not only to electric fields [21, 22], but also to
arbitrary non-Abelian Yang-Mills gauge fields [23] and
to relativistic gravitational fields [24–27]. Gravitational
waves (GWs) [28] are of great interest, both theoreti-
cally and experimentally, and their effects on DTQWs
are thus worth investigating. The interest about GWs
has been renewed by their recent direct detection [29].
Linear GWs ressemble electromagnetic waves. In partic-
ular, GWs can be expanded as a superposition of plane
waves and each plane wave as a superposition of two po-
larization states, both polarizations being perpendicular
to the direction of propagation. The effect of these plane
GWs on matter is thus typically studied in the polariza-
tion plane and it makes little sense to envisage the action
of GWs on (1+1)D DTQWs. Performing a valid study
of how GWs influence DTQWs thus requires building
DTQWs coupled to (1+2)D gravitational fields.
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We start by presenting a new family of (1+2)D
DTQWs whose continuum limit coincides with the dy-
namics of a Dirac fermion coupled to arbitrary (1+2)D
gravitational fields. The construction of this family is in-
spired by the (1+1)D construction presented in [25]. The
DTQWs in the (1+2)D spacetime depend on two param-
eters, which code for the mass of the walker and for the
finite spacing of the lattice, and on four time- and space-
dependent angles. We then show how to choose these
four angles to describe linear GWs. A generic linear GW
on the lattice can be considered as the superposition of
three waves: two compression waves along the directions
of the lattice and a shear wave coupling directly two di-
rections of the lattice through non-diagonal metric com-
ponents. Shear effects are of particular interest in rela-
tivistic gravitation and are present in generic solutions
of Einstein equations [30]. We thus focus on pure shear
GWs and examine in detail their action on the DTQWs.
Our main results are the following. On large spatial
scales, pure shear GWs rescale locally the eigen-energies
by an anisotropic factor, to make up for the space defor-
mation induced by the wave, and the eigen-polarizations
are modified as well. On smaller scales comparable to a
few lattice spacings, both polarizations and energies are
modified in a non-trivial way; this has the effect of chang-
ing significantly the interference pattern of two fermion
eigen-modes. A final section discusses the construction
of the DTQWs and mentions several avenues open to
further study.
II. DTQWS IN (1+2) DIMENSIONS
Consider a quantum walker moving on a two-
dimensional lattice (discrete space) with nodes labelled
by (p1, p2) ∈ Z2. Let j ∈ N label discrete time and
(b−, b+) be a certain time- and position-independent
basis of the two-dimensional coin Hilbert space of the
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2walker, that we identify to ((1, 0)>, (0, 1)>), where > de-
notes the transposition. The state of the walker at time j
and point (p1, p2) is described by a two-component wave
function Ψj,p1,p2 = ψ
−
j,p1,p2
b−+ψ+j,p1,p2b+. The collection
(Ψj,p1,p2)(p1,p2)∈Z2 will be denoted by Ψj .
The time evolution of Ψj is fixed by a time-dependent
unitary operator Vj :
Ψj+1 = VjΨj . (1)
This unitary operator involves two real positive parame-
ters,  and m, and four time- and space-dependent angles
θ11, θ12, θ21 and θ22; it consists essentially in a combi-
nation of rotations in spin space and of translations in
physical space, along the two directions of the lattice.
The operator Vj consists in a rather complicated combi-
nation of rotations in spin space and of translations in
physical space along the two directions of the lattice. It
is defined as follows:
Vj = Π
−1
[
W1(θ
12
j )W2(θ
22
j )
]
Π (2)
×
[
W2(θ
21
j )W1(θ
11
j )
]
Q ((m− T(θ)/4)) ,
where θklj = (θ
kl
j,p1,p2
)(p1,p2)∈Z2 for (k, l) ∈ {1, 2}2, and
θ = (θklj )(k,l,j)∈{1,2}2×N. The operator Π is
Π =
1√
2
[ −i 1
−1 i
]
. (3)
The operators Wk(θj), k ∈ {1, 2}, are defined by
Wk(θj) = R
−1(θj)
[
U(θj)SkU(θj)Sk
]
R(θj) , (4)
where Sk is the spin-dependent translation operator in
the k spatial direction, while R(θj) and U(θj) are rota-
tions in the coin Hilbert space:
(S1Ψj)p1,p2 =
[
ψ−j,p1+1,p2
ψ+j,p1−1,p2
]
(S2Ψj)p1,p2 =
[
ψ−j,p1,p2+1
ψ+j,p1,p2−1
]
, (5)
(R(θj)Ψj)p1,p2 = r(θj,p1,p2)Ψj,p1,p2
(U(θj)Ψj)p1,p2 = u(θj,p1,p2)Ψj,p1,p2 , (6)
with
u(θ) =
[ − cos θ i sin θ
−i sin θ cos θ
]
r(θ) =
[
i cos(θ/2) i sin(θ/2)
− sin(θ/2) cos(θ/2)
]
. (7)
Finally
Q(M) =
[
cos(2M) −i sin(2M)
−i sin(2M) cos(2M)
]
, (8)
and
T(θ) =
2∑
k=1
(
Ck2D0(C
−1)1k − Ck1D0(C−1)2k
)
, (9)
with (D0K)j,p1,p2 = (Kj+1,p1,p2 − Kj,p1,p2)/ for any
quantity Kj,p1,p2 defined on the spacetime lattice, and
[
Ckl
]
=
[
cos θkl
]
. (10)
Let us now comment on the construction of the oper-
ator Vj . The new (1+2)D DTQWs defined by (1) are
inspired by the (1+1)D DTQWs introduced in [24]. As
shown in this earlier work, the coupling of a DTQW with
a gravitational field in (1+1)D can only be obtained if the
walker performs at each time step not one, but two jumps
in the spatial direction. Thus, one would expect that cou-
pling DTQWs with gravitational fields in (1+2)D could
be obtained by letting the walker perform two jumps in
each spatial direction at each time-step. These jumps
are represented by the operators W1(θ
11
j ) and W2(θ
22
j )
which we will discuss in more detail below. These 2 × 2
jumps however do not suffice and do not take into ac-
count the shear generated by generic gravitational fields.
This shear couples directions and manifest itself by non-
diagonal metric coefficients which do not vanish identi-
cally. To take the shear into account, the quantum walker
has to perform two extra jumps in each direction at each
time step. These two extra jumps are represented by the
operators W1(θ
12
j ) and W2(θ
21
j ). We are interested in
DTQWs whose continuum limit coincides with the Dirac
equation. Choosing a given representation of the (1+2)D
Clifford algebra to write down Dirac equation in explicit
form introduces an apparent symmetry breaking between
the two space directions x and y, even in flat spacetime.
The operator Π enters the definition of the DTQWs to
account for this apparent symmetry breaking. The oper-
ators Wk(θj) themselves deserve some more comments.
Each operator involves two jumps, represented by the op-
erators Sk’s, and two mixing operators, represented by
the U(θj)’s. As shown in [24] for the (1+1)D, involv-
ing only these operations would deliver the correct Dirac
dynamics in the continuum limit, but not in a standard
‘fixed’ spin basis. The operators R−1(θj) and R(θj) com-
pensate for this basis difference.
The operator Q ((m− T (θ) /4)) is included (i) to en-
dow the DTQW with the mass m (see the continuum
limit presented in the next section), (ii) to provide the
‘mass-like’ extra term −T (θ) which is present in the
(1+2)D Dirac equation (see next section and Appendix
B). Note that T(θ) (i) is non local in the time j and
(ii) vanishes if [Ckl] is either diagonal, antidiagonal, or
independent of j.
It is convenient to introduce two three-dimensional ob-
jects,
[
eµ(a)
]
and
[
e
(a)
µ
]
, (a, µ) ∈ {0, 1, 2}3, whose spatial
parts coincide respectively with Ckl and (C−1)kl. More
precisely, we define e0(0) = e
(0)
0 = 1, e
0
(1) = e
(0)
1 = e
1
(0) =
3e
(1)
0 = e
0
(2) = e
(0)
2 = e
2
(0) = e
(2)
0 = 0 and e
k
(l) = C
kl,
e
(k)
l = (C
−1)kl, for (k, l) ∈ {1, 2}2. These two objects
allow to rewrite T(θ) in the more compact form (see
Appendix A for a derivation):
T(θ) = −εabcηcdeµ(a)Dbe(d)µ , (11)
where [ηab] = diag(1,−1,−1), εabc is the totally antisym-
metric symbol, with ε012 = 1, and the finite difference op-
erator (Db) = (D

0, D

1, D

2) can be given arbitrary spatial
components D1 and D

2, since the terms containing D

1
and D2 vanish in Eq. (11), see Appendix A. The Einstein
summation convention has also been adopted in (11).
In the continuum limit, the four time- and space-
dependent angles will code for the components of a
curved metric in (1+2)D spacetime. The eµ(a)’s will then
code for a 3-bein or triad, the e
(a)
µ ’s will code will code
for its dual and  will go to zero like the temporal and
spatial steps of the spacetime lattice.
III. CONTINUUM LIMIT
To investigate the continuum limit of walk (1), we pro-
ceed as in [22–24, 31] and first interpret Ψj,p1,p2 and
θ11j,p1,p2 , θ
12
j,p1,p2
, θ21j,p1,p2 , θ
22
j,p1,p2
as the values taken by a
wave function Ψ and by four functions θ11, θ12, θ21, θ22
at spacetime point (x0j = j, x
1
p1 = p1/2, x
2
p2 = p2/2).
The factor 1/2 is necessary to make the continuum limit
match with the standard form of the Dirac-equation. The
limit  → 0 is then obtained by Taylor expanding (1) at
first order in . The zeroth-order terms cancel each other,
and the first-order terms deliver a Schro¨dinger-like equa-
tion for Ψ (see Appendix C for a derivation):
i∂0Ψ = HΨ , (12)
where
H =
2∑
k=1
[
−i
(
Bk∂k +
1
2
∂kB
k
)]
+Q , (13)
with
Bk = ek(a)γ
(0)γ(a) (14a)
Q = (m− T0/4) γ(0) (14b)
T0 = −εabcηcdeµ(a)∂be(d)µ , (14c)
and
γ(0) =
[
0 1
1 0
]
γ(1) =
[
0 1
−1 0
]
(15)
γ(2) =
[
i 0
0 −i
]
.
We show in Appendix B that Eq. (12) is the Hamil-
tonian form [32] of the Dirac equation for a spin-1/2
fermion of mass m in a (1 + 2)D spacetime equipped
with metric
gµν(x
0, x1, x2) = ηabe
(a)
µ (x
0, x1, x2)e(b)ν (x
0, x1, x2). (16)
The eµ(a)’s are the components of the 3-bein or triad
(e(a)) = (e(1), e(2), e(3)) on the coordinate basis (∂µ) =
(∂0, ∂1, ∂2) in the tangent space, and the e
(a)
µ ’s are the
components of the dual triad (e(a)) = (e(1), e(2), e(3)) on
the dual coordinate basis (∂µ) = (∂0, ∂1, ∂2).
All components of the dual triad with one and only
one of the indices equal to the time index 0 vanish, and
e
(0)
0 = 1, so that:
[gµν ] =
 1 0 00 g11 g12
0 g21 g22
 , (17)
where
g12 = g21 = = −e(1)2 e(1)1 − e(2)1 e(2)2
g11 = −(e(1)1 )2 − (e(2)1 )2 (18)
g22 = −(e(2)2 )2 − (e(1)2 )2 .
Also of interest is the explicit expression of the matrices
B1 and B2 in terms of the angles defining the DTQW:
B1 =
[ − cos θ11 −i cos θ12
i cos θ12 cos θ11
]
B2 =
[ − cos θ21 −i cos θ22
i cos θ22 cos θ21
]
. (19)
IV. DTQWS COUPLED TO GWS
GWs represent weak gravitational fields propagating
in spacetime. Technically, they are particular solutions
of Einstein equations linearized around the vacuum. Af-
ter the proper choice of coordinate system (gauge), these
Einstein equations linearized around the vacuum essen-
tially simplify into Poisson equations for two indepen-
dent metric components. GWs can thus be expanded in
Fourier modes. Hence, of particular interest are the plane
GWs. In the so-called traceless gauge with coordinates
(t, x, y, z), the metric of a monochromatic plane GW of
pulsation ω propagating along the z direction takes the
standard form gµν = ηµν + ξhµν with
hµν(t, z) = e
iω(t−z)
 0 0 0 00 F¯ (t− z) G¯(t− z) 00 G¯(t− z) −F¯ (t− z) 0
0 0 0 0
 . (20)
Here, the ηµν ’s are the components of the Minkowski
metric in inertial coordinates (with signature convention
4(+,−,−,−)), F¯ and G¯ are two arbitrary functions which
represent two polarization states, and ξ is a small param-
eter which traces the perturbative nature of the waves.
In other words, ξ is merely introduced as a reminder that
the ξhµν is considered small with respect to gµν ; all re-
sults will be henceforth presented as first-order Taylor
expansion in ξ. The GW affects the metric only in planes
of constant z parallel to the (x, y) plane and it is there-
fore customary to study its effect on matter located in
these planes. The reduced (1+2)D metric in a plane of
constant z, say z = 0, takes the form:
ds2 = dt2−(1− ξF (t)) dx2−(1 + ξF (t)) dy2+2ξG(t) dxdy ,
(21)
where F (t) = exp(iωt)F¯ (t) and G(t) = exp(iωt)G¯(t).
Let K and K ′ be two arbitrary real constants and per-
form the following change of coordinates:
T = t
X = x (1− ξK
2
) (22)
Y = y (1− ξK
′
2
) .
Since GWs are perturbative solutions of Einstein equa-
tions valid only at first order in ξ, the components of the
metric in the new coordinate system (T,X, Y ) need only
be computed at the same order in ξ and one finds:
ds2 = dT 2 − (1− ξ (F (T )−K)) dX2 (23)
− (1 + ξ (F (T ) +K ′)) dY 2 + 2ξG(T ) dXdY .
We can choose the triad (e(a))a=1,2,3 in such a way
that its only non-vanishing components on the coordi-
nate basis (∂T , ∂X , ∂Y ) are e
X
(a=1) = 1+ ξ (F (T )−K) /2,
eY(a=2) = 1 − ξ (F (T ) +K ′) /2, and eY(a=1) = eX(a=2) =
ξG(T ). Identify now (x0, x1, x2) introduced in the pre-
ceding section with (T,X, Y ). A (1 + 2)D DTQW pre-
sented in Sec. II will simulate, in the continuum limit, a
Dirac fermion propagating in the metric (23), if
cos θ11 = 1 + ξ (F (T )−K) /2 (24a)
cos θ22 = 1− ξ (F (T ) +K ′) /2 (24b)
cos θ12 = cos θ21 = ξG(T ) . (24c)
Since ξ is an infinitesimal and we are working at first
order in ξ, the third equation can be solved immedi-
ately by choosing θ12 = θ21 = pi/2 − ξG(T ). Now,
if we had not introduced the constants K and K ′ and
had identified directly the coordinates t, x, and y in-
troduced earlier with the continuum-limit coordinates
x0, x1, and x2, Eqs. (24a) and (24b) could not be
solved simultaneously, because the absolute value of both
cosines must be smaller than one. Let us explain how in-
troducing these two constants enables us to overcome
this difficulty. Linear GWs are defined as perturba-
tions of the flat-space time geometry. Treating the met-
ric (23) as a perturbation to the flat Minkowski met-
ric only makes sense if F (T ) is bounded. One can then
always find K and K ′ which make both − (F (T )−K)
and (F (T ) +K ′) positive. Equations (24a) and (24b)
are then solved by choosing θ11 = (−ξ(F (T )−K))1/2
and θ22 = (ξ(F (T ) +K ′))1/2. We will now focus on pure
shear GWs, for which F (t) = 0. We also retain the simple
choice K = K ′ = 0.
V. DTQWS AND PURE SHEAR GWS
The DTQWs are entirely defined by the single angle
θ12 = θ21 = pi/2−ξG(T ), the mass parameter m and the
value of . To make the discussion definite, we set m = 0
and  = 1. Since  = 1, (i) the continuum limit is recov-
ered by considering wave functions which vary only on
scales much greater than unity, and (ii) the coordinates
used in the continuum limit, T , X and Y , are related to
the lattice integer coordinates, j, p1 = pX and p2 = pY ,
by
T = Tj = j , X = pX/2 , Y = pY /2 . (25)
Since the advancement operator Vj depends only on
the time T and not on X and Y , the DTQWs are best
analyzed in Fourier space. Let A(T,X, Y ) be an arbitrary
function defined on the infinite lattice. One can write (see
[21]):
A(T,X, Y ) =
1√
2pi
2
∫ pi
kX=−pi
∫ pi
kY =−pi
A˜(T, kX , kY )
× exp (i (kXpX + kY pY )) dkXdkY , (26)
with the Fourier transform on the lattice defined by
A˜(T, kX , kY ) =
1√
2pi
2
∑
(pX ,pY )∈Z2
A(T,X, Y )
× exp (−i (kXpX + kY pY )) . (27)
Each Fourier mode A˜(T, kX , kY ), (kX , kY ) ∈ [−pi, pi[2,
is dynamically independent of the other ones. Its evolu-
tion between time j and j+ 1 is fixed by the operator Vj
in Fourier representation, that depends on k = (kX , kY )
through exponentials which describe in Fourier space the
translations in physical space. Since the DTQWs per-
form pairs of jumps in each direction (see (4)), the time-
evolution operator in Fourier space is best conceived as
a function of qX = 2kX and qY = 2kY . We will de-
note this operator by W (ξ,G(Tj); qX , qY ), making also
explicit the dependence with respect to ξ and G(Tj).
The wave-vector q = (qX , qY ) is actually the one to work
with in the continuum-limit because k · p = q ·R, where
p = (pX , pY ) and R = (X,Y ).
Note that the Brillouin zone in k-space is [−pi,+pi[ and
that the Brillouin zone in q-space is therefore [−2pi,+2pi[.
A straightforward computation at first order in
ξ delivers W (ξ,G(T ); qX , qY ) = W
(0)(qX , qY ) +
ξG(T )W (1)(qX , qY ), with
W (0)(qX , qY ) =
[
eiqX cos qY −e−iqX sin qY
eiqX sin qY e
−iqX cos qY
]
(28)
5and
W (1)(qX , qY ) =
[
eiqXA(qX , qY ) −e−iqXB(qX , qY )
eiqXB∗(qX , qY ) e−iqXA∗(qX , qY )
]
,
(29)
where the superscript ∗ denotes complex conjugation,
and
A(qX , qY ) =
1√
2
ei
pi
4 A¯(qX , qY )
B(qX , qY ) =
1√
2
e−i
pi
4 B¯(qX , qY ) , (30)
with
Re A¯(qX , qY ) = − cos(qX − qY ) + cos qY − sin qY + sin 2qY
Re B¯(qX , qY ) = + sin(qX + qY )− sin qY + cos qY − cos 2qY
Im A¯(qX , qY ) = − cos(qX + qY ) + cos qY + sin qY
Im B¯(qX , qY ) = + sin(qX − qY ) + sin qY + cos qY − 1 .
(31)
The operator W controls the entire DTQW dynam-
ics. In particular, at time Tj , the energies correspond-
ing to any given (qX , qY ) are logarithms of the eigen-
values of W (ξ,G(Tj); qX , qY ) and the associated eigen-
vectors define the eigen-polarizations of the spin-1/2
fermion. Thus, a generic shear GW changes in a time-
dependent way the polarization and the energy of the
quantum walker. The only modes which are not affected
by pure shear GWs are those for which both A(qX , qY )
and B(qX , qY ) vanish. A direct computation shows that,
in the q-space Brillouin zone [−2pi, 2pi[, both functions
vanish simultaneously for two different finite sets of val-
ues of (qX , qY ). The first set is (qX , qY ) = 2pi(rX , rY )
with (rX , rY ) = (0, 0), (0,−1), (0, 1), (−1, 0), (1, 0),
(−1,−1), (−1, 1), (1,−1), (1, 1), for which the unper-
turbed (i.e. ‘free’) operator W (0) coincides with unity,
so that these modes are unaffected by the free DTQW.
The second set is (qX , qY ) = (−pi/2, pi/2) + 2pi(sX , sY )
with (sX , sY ) = (0, 0), (0,−1), (1, 0), (1,−1), for which
W (0) coincides with −iσ1, so that the spin components
of these modes are flipped at each time step by the
free DTQW (and shifted by a global phase −i). Thus,
at first order in the wave perturbation, the modes on
which this pure shear GW has no influence correspond
to modes for which the probability of presence of the
walker, |ψ−j,p1,p2 |2 + |ψ+j,p1,p2 |2, is unaffected by the free
DTQW. All these modes are ‘small-scale’ (i.e. of the
same order of magnitude as the lattice spacing) except
the (0, 0) mode, which corresponds to a uniform wave
function. This mode cannot be populated if space is in-
finite.
The operator W (1)(qX , qY ) can be further charac-
terized by its eigenvalues. They are complex con-
jugate to each other and have as common modulus
ρ(qX , qY ) =
(|A(qX , qY )|2 + |B(qX , qY )|2)1/2. The func-
tion ρ(qX , qY ) is plotted in Figure 1. It admits four abso-
lute maxima of identical amplitude approximately equal
to 4.69826. These maxima are located at (qaX , q
b
Y ) with
a, b = ± and q+X ' 2.1423, q−X ' −4.14088, q+Y ' 2.81949,
q−Y ' −3.46369. Generally speaking, the higher ρ, the
greater the influence of GWs on DTQWs. Thus, pure
shear GWs that have a maximal influence on DTQWs on
‘small’ scales comparable to a few lattice steps (a mode
with |q| = 2pi has a period of 2pi/|k| = 4pi/|q| = 2 lattice
steps).
FIG. 1. (Color online) Modulus ρ(qX , qY ) of the eigenvalues
of W (1)(qX , qY ).
We will now present in detail two case-studies. The
first one investigates perturbatively how the eigen-
energies and eigenvectors behave for large-scale modes,
i.e. modes which vary on scales much larger than the
lattice spacing. The other study is not restricted to large-
scale modes, and shows how the interference pattern be-
tween two fermion eigen-modes is changed by a GW.
VI. TWO CASE-STUDIES
A. Large-scale fermion modes
Large scales are those relevant to the continuum limit
and correspond to values of qX and qY close to zero. One
finds, at first order in qX and qY :
W (ξ,G(T ); qX , qY ) = (32)[
1 + i (qX + ξG(T ) qY ) −(qY + ξG(T ) qX)
qY + ξG(T ) qX 1− i (qX + ξG(T ) qY )
]
.
One can check that this is the walk operator obtained in
the continuum limit, see Sec. III and App. C.
The eigenvalues λ±(ξ,G(T ); qX , qY ) of this operator
read, at first order in ξ,
λ±(ξ,G(T ); qX , qY ) = 1∓ i
(
1 + 2ξG(T )
qXqY
|q|2
)
|q|.
(33)
6Associated eigenvectors V±(ξ,G(T ); qX , qY ) can also be
expanded in ξ:
V±(ξ,G(T ); qX , qY ) = V
(0)
± (qX , qY )+ξG(T )V
(1)
± (qX , qY ),
(34)
but exact expressions are quite involved and depend on
the sign of qX . One finds for example
V
(0)
+ (qX , qY ) =
[
−i qY
qX + |q|
1
]
(35a)
V
(1)
+ (qX , qY ) = −i
qX
qX + |q|
qX − q2Y
(
1 + 2 qX|q|
)
qX + |q|
0

(35b)
for positive values of qX .
The eigen-energies E±(ξ,G(T ); qX , qY ) are by defini-
tion related to the eigenvalues λ±(ξ,G(T ); qX , qY ) by
λ±(ξ,G(T ); qX , qY ) = exp (−iE±(ξ,G(T ); qX , qY )). At
first order in |q|, one finds:
E±(ξ,G(T ); qX , qY ) = ±
(
1 + 2ξG(T )
qXqY
|q|2
)
|q| .
(36)
On large scales, the lowest-order effect of the pure
shear GWs is thus an anisotropic deformation of spa-
tial scales by a factor
(
1− 2ξG(T )qXqY /|q|2
)
, the eigen-
energies being changed accordingly by the inverse factor,
since they are linear in the momentum in free space.
B. Interference pattern modified by GWs
We now wish to study the effect of pure shear GWs
on all modes, and not only on large-scale ones. GW
have been first observed directly using interference with
light [29] but detectors based on interference with matter
waves are still considered as a viable alternative (see for
example [33]). It is thus natural, in the context of the
present article, to study the effect of GWs on interference
patterns of the walker. To be definite, we consider how
GWs modify interference patterns between two energy
eigen-modes of the free DTQW which share the same
energy, thereby ensuring that the interference pattern of
these modes is stationary in the absence of GWs.
Consider for example the two wavevectors (q1X = q
1 >
0, q1Y = 0) and (q
2
X = 0, q
2
Y = q
2 > 0), and the two initial
polarizations
Ψ1 =
[
0
1
]
Ψ2 =
[
− i√
2
1√
2
]
. (37)
The first is an eigen-polarization of W (0)(q1, 0), associ-
ated to the eigenvalue exp(−iq1) and the second is an
eigen-polarization of W (0)(0, q2), associated to the eigen-
value exp(−iq2). In particular, both eigenvalues are the
same if q1 = q2 = q and the free DTQW then does not
modify the interference pattern of the two fermion eigen-
modes. This is not so anymore in the presence of a GW,
which changes the interference pattern at each time step
j by a contribution proportional to ξG(Tj).
Let N0(q,X, Y ) be the initial density of an equal
superposition of the two interfering fermion eigen-
modes, i.e. N0(q,X, Y ) = Ψ
†
0(q,X, Y )Ψ0(q,X, Y ),
where Ψ0(q,X, Y ) = Ψ
1 exp[iqX] + Ψ2 exp[iqY ], and let
N1(ξ,G(Tj=1); q,X, Y ) be the density after one time step
of the DTQW. The interesting quantity is the relative
density variation ∆ after one time-step per unit of ξG(T ),
∆(q,X, Y ) = (38)
1
ξG(Tj=1)
N1(ξ,G(Tj=1); q,X, Y )−N0(q,X, Y )
N0(q,X, Y )
.
A direct computation shows that
N0(q,X, Y ) = 2 +
√
2 cos
(q
2
(pX − pY )
)
, (39)
and
∆(q,X, Y ) =
2
√
2
N0(q,X, Y )
cos
(q
2
(pX − pY − 2)
)
sin2 q .
(40)
Figure 2 shows the contours of N0(q,X, Y ) and
∆(q,X, Y ) in the (X,Y ) plane for q = qmax, for which the
effect of the GW is maximum (see the discussion nelow).
Both N0(q,X, Y ) and ∆(q,X, Y ) depend on X and Y
only through u = pX − pY = 2(X − Y ). Figure 3 shows
how the profile of ∆(q, u) as a function of u changes with
q. The profiles are periodic functions of u, and are plot-
ted over two periods.
The net effect of the GW can be measured by ∆M (q) =
maxu|∆(q, u)|. This function is pi-periodic in q and also
obeys:
∆M (q) =
{
f(q) if q ∈ [0, pi/2[
f(pi − q) if q ∈ [pi/2, pi[ , (41)
with
f(q) =
2
√
2 sin2(q)
√
1− sin2(q)/2
2 +
√
2 cos(q)
√
1− sin2(q)/2− sin2(q)
. (42)
Figure 4 displays ∆M (q) on [0, pi[, which is half of the
positive half of the q-space Brillouin zone. The absolute
minimum is zero and occurs for q = 0 and pi. The abso-
lute maximum is approximately 2.48161 and is reached
for 2 values of q, pi − qmax and qmax ' 1.97504, which
correspond respectively to the following two values of the
wavelength λ(q) = 2pi/|k| = 4pi/|q|: 10.7722 and 6.3626.
There is also a local minimum reached for q = pi/2, whose
value is 2.
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FIG. 2. (Color online) Density N0(qmax, X, Y ) (top) and rel-
ative density variation ∆(qmax, X, Y ) (bottom) in the (X,Y )
plane. The mesh represents the 2D lattice on which the
DTQW is defined, pX and pY are the integer coordinates
used to label the nodes of this lattice, while X and Y are
those defined to recover, in the continuum limit, the standard
form of the Dirac equation in curved spacetime, Eq. (12).
VII. DISCUSSION
We have a introduced a new two-dimensional DTQW
whose continuum limit coincides with the dynamics of
massive spin-1/2 Dirac fermions propagating in a curved
spacetime. We have then shown how to use these
DTQWs to simulate the influence of GWs on Dirac
fermions. We have finally focused on pure shear GWs
and investigated in detail how these influence DTQWs on
both large and small scales. On large spatial scales, pure
shear GWs locally rescale the eigen-energies anisotropi-
cally, to make up for the space deformation induced by
the wave, and the eigen-polarizations are modified as
well. On smaller scales typically comparable to two or
three lattice steps, both polarizations and energies are
modified in a non-trivial way; for instance, this has the
effect of significatively changing the interference pattern
of a superposion of two flat-spacetime eigen-modes.
There exist another way to build DTQWs simulat-
ing the interaction of a Dirac field with a gravitational
one. This other construction was presented in [26] for
the (1+1)D case and an extension to higher spacetime
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FIG. 3. (Color online) Profiles of the relative density variation
∆(q, u = pX − pY ) as a function of u for various values of q.
The profiles are plotted over two rather than one period for
a better visual appreciation.
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FIG. 4. (Color online) Maximum of the relative density varia-
tion induced by a GW on the interference pattern between two
fermion eigen-modes, as a function of the common wavevector
of these modes, q, plotted on half of the positive half of the
q-space Brillouin zone, namely [−2pi, 2pi[.
dimensions has just been completed [34]. This extension
also allows fermions to have internal degrees of freedom.
Both constructions use a regular lattice, but they differ
in nearly all other aspects. The construction of DTQWs
used in this paper is Taylor-made to deliver DTQWs
whose continuum limit coincides with the Dirac equa-
tion. The other construction is based on Paired Quantum
Walks which admit a whole class of PDEs as continuum
limits, including the Dirac equation. As a consequence,
each construction has its pros and cons, which we shall
8now discuss.
As apparent from the above material, our construction
works only in synchronous coordinate systems, for which
all mixed time-space metric components identically van-
ish and the time-time component is identical to unity.
This does not restrict the gravitational fields one can
take into account, since all gravitational fields admit lo-
cal synchronous coordinates. But it forces the lattice
to be regular in precisely these synchronous coordinates,
whereas the other construction allows the lattice to be
regular in arbitrary coordinates.
On the other hand, the time-advancement operator Vj
used in our construction only involves gauge-invariant
i.e. intrinsic aspects of the gravitational fields, while the
time-advancement operator used in the other construc-
tion mixes both gauge-invariant and gauge-dependent
aspects of the gravitational field. Thus, if one adopts
the construction used in this paper, the operator Vj it-
self can be viewed as a discrete gauge-invariant gravita-
tional field. The gauge dependence of standard continu-
ous physics then manifests itself only in the choice of co-
ordinates when one performs the continuum limit i.e. in
the correspondence between the continuous coordinates
xµ and the lattice indexes. On the other hand, the other
construction encodes both the gauge-invariant aspects of
the gravitational fields and a choice of coordinates into a
single object i.e. in the time-advancement operator. And
one is still free to choose continuous coordinates as one
wishes.
Also, the other construction originally required dou-
bling the number of components of the wave function,
but an implementation using only U(2) operators, shifts
and swaps has now been presented [34].
All in all, it seems that both constructions have their
own strong and weak points. The construction used in
this paper is perhaps more physically grounded and the
other one may be of a more mathematical nature.
Let us finally mention of few extensions of this work.
The first one is rather straightforward and consists in al-
lowing the operators u and r to be arbitrary members
of SU(2). The extra angles which will appear code for
arbitrary discrete electromagnetic fields (see [25]). The
other extension consists in incorporating in the model ex-
tra internal dimensions. This should in particular deliver
DTQWs where the time-advancement operator unifies
arbitrary discrete Yang-Mills fields with discrete gravi-
tational fields (see [23] for (1+1)D DTQWs simulating
Dirac fermions in arbitrary Yang-Mills fields).
In a different direction, the influence of gravitational
fields on DTQWs should be systematically studied, with
possible applications ranging from fundamental physics
to quantum algorithmics.
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Appendix A: Compact form of the mass-like term
In this appendix, we show that T(θ) given by Eq. (9)
can be put under the form of Eq. (11). By definition of
the eµ(a)’s and because (ηab) = diag(0,−1,−1),
T(θ) = e
k
(2)D

0e
(1)
k − ek(1)D0e(2)k
= ε0bcek(b)D

0ηcde
(d)
k
= ε0bceµ(b)ηcdD

0e
(d)
µ
= −εb0ceµ(b)ηcdD0e(d)µ . (A1)
where the Einstein summation convention has been used
and εabc is the completely antisymmetric symbol. The
third line is obtained from the second one by taking into
account that all 3-bein and inverse 3-bein components
with one spatial index and the time index 0 identically
vanish.
Consider now Ki = εibceµ(b)ηcdD

ie
(d)
µ with i ∈ {1, 2}2
where the Di are arbitrary finite differences operators
which deliver zero when applied to spatially constant ob-
jects. The quantity εibc is non vanishing only if b or c
is equal to zero. The term with c = 0 gives a vanish-
ing contribution to Ki because ηcd then enforces d = 0
and the only non-vanishing inverse 3-bein component e
(0)
µ
is e
(0)
0 = 1 and D

0e
(0)
0 = 0. The only possibly non-
vanishing contribution to Ki thus comes form the term
where b = 0. But the only non-vanishing 3-bein compo-
nent eµ(0) is e
0
(0) = 1. Now, the only non-vanishing inverse
3-bein component e
(d)
0 is e
(0)
0 = 1 and D

0e
(0)
0 = 0.
The Ki’s thus vanish identically and this completes the
proof of (11). Note that equation (11) is true indepen-
dently of the definition of the spatial ‘discrete derivative’
operators D1 and D

2.
Appendix B: Mass-like term in the (1 + 2)D Dirac
equation
Consider a spacetime of dimension (1 + d) equipped
with metric g. The Hamiltonian form of the Dirac equa-
tion is (see Eq. (35) of [32]):
i∂0|Ψ〉 = Hˆ|Ψ〉 , (B1)
with
Hˆ =
d∑
k=1
[
−i
(
Bˆk∂k +
1
2
∂kBˆ
k
)]
+ Mˆ + Aˆ(d) , (B2)
where
Bˆk = αˆ(i)
ek(i)
e0(0)
+ ek(0) , (B3)
Mˆ =
m
e0(0)
γˆ(0) , (B4)
and αˆ(k) = γˆ(0)γˆ(k). As in the main sections of this
article, the eµ(a) are the components of a (1 + d)-bein
on a coordinate basis. The components of the inverse
(1 + d)-bein will be denoted by e
(a)
µ . The hat designates
operators, as opposed to their representation in a given
spin basis.
In d = 3, the term Aˆ(d) reads
Aˆ(d = 3) = − i
2
γˆ5αˆ
(a)B˜(a) , (B5)
with γˆ5 = γˆ(0)γˆ(1)γˆ(2)γˆ(3) and
B˜(a) = 1
e0(0)
(
1
2
ε(a)(b)(c)(d)e
(b)µe(c)ν∂µe
(d)
ν
)
, (B6)
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where ε(a)(b)(c)(d) is the antisymmetric symbol. The no-
tation B˜ matches the one used in Ref. [32]. In (B5), we
can permute γˆ5 and αˆ
(a) = γˆ(0)γˆ(a) because γˆ5 anticom-
mutes with all γˆ(a)’s, and we obtain
Aˆ(d = 3) = − i
2
γˆ(0)γˆ(a)γˆ5 (B7)
×
[
1
e0(0)
(
1
2
ε(a)(b)(c)(d)e
(b)µe(c)ν∂µe
(d)
ν
)]
,
where × denotes the multiplication. After a cyclic, hence
odd permutation of the four indices, (B7) reads
Aˆ(d = 3) = − γˆ
(0)
8e0(0)
(B8)
×
[
−2iε(b)(c)(d)(a)γˆ(a)γˆ5
]
︸ ︷︷ ︸
Jˆ(b)(c)(c)(d=3)
e(b)µe(c)ν∂µe
(d)
ν .
The expression of Jˆ(b)(c)(d) given above is only valid in
(1 + 3) dimensional spacetimes. In arbitrary dimension
(1 + d), it reads (Eq. (25-c) of [32]):
Jˆ(b)(c)(d) = {γˆ(b), Sˆ(c)(d)} , (B9)
where
Sˆ(c)(d) =
i
2
[γˆ(c), γˆ(d)] . (B10)
Now, Jˆ(b)(c)(d) is obviously antisymmetric in (c, d), but
we can show by an explicit computation that it is also
antisymmetric in (b, c), which is a consequence of the
Clifford algebra satisfied by the gamma matrices. Hence,
if one of the indices is repeated, Jˆ(b)(c)(d) vanishes. This
shows that Jˆ(b)(c)(d) vanishes in (1+1)D spacetimes, so
that
Aˆ(d = 1) = 0 . (B11)
In (1+2) dimension, there are 6 non vanishing compo-
nents of Jˆ(b)(c)(d):
Jˆ012 = −Jˆ102
Jˆ201 = −Jˆ021 (B12)
Jˆ120 = −Jˆ210 .
In representation (15), we can check that
J012 = J201 = J120 = 2× 12 = 2 , (B13)
where 12 is the 2×2 identity matrix. The previous equali-
ties are then valid in any representation (trivial to check).
Hence, a compact and generic expression for Jˆ(β)(ρ)(σ) in
d = 2 is:
Jˆ(b)(c)(d) = 2ε(b)(c)(d) , (B14)
where ε(b)(c)(d) is the 3D antisymmetric symbol. Thus, a
generic expression for the term Aˆ(d) in (1+2) dimensions
is
Aˆ(d = 2) = − 1
4e0(0)
ε(b)(c)(d) e(b)µe(c)ν∂µe(d)ν︸ ︷︷ ︸
τ(b)(c)(d)

︸ ︷︷ ︸
T0
γˆ(0) .
(B15)
Observe that Aˆ(d = 2) has, in the spin Hilbert space, the
same structure as the mass term (B4). We have
T0 = τ
012 − τ102 + τ201 − τ021 + τ120 − τ210 . (B16)
If we take a dual 3-bein of the form
[
e(α)µ
]
=
 1 0 00 e(1)1 e(1)2
0 e
(2)
1 e
(2)
2
 , (B17)
then
T0 = e
(1)ν∂0e
(2)
ν − e(2)ν∂0e(1)ν , (B18)
which, after a small calculation (the same as that of App.
A but replacing the Db’s by ∂b’s), can be shown to co-
incide with Eq. (14c). This finalizes the proof that the
(1+2)D Dirac equation in representation (15) can be put
under the form of Eq. (12).
Appendix C: Detailed computation of the
continuum limit
We are going to show that the first-order expansion of
the walk operator reads Vj = 1 − iH with H given by
(13).
We define M = m− T(θ)/4. At first order in ,
Q (M) = 1− iM0σ1 , (C1)
where M0 is the limit of M when  goes to zero, and
σ1 the first Pauli matrix.
The spin-dependent shift operators can be written
Sk = e
iPkσ3 , (C2)
with the momentum operator
Pk = −i∂k . (C3)
Thus
Sk = 1 + iPkσ3 , (C4)
from which one obtains
Wk(θj) = 1− iHk(θj) , (C5)
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where the ‘1D Hamiltonians’ Hk(θj) read
Hk(θj) = −1
2
R−1(θj)U(θj) {U(θj), Pk(σ3}R(θj) ? .
(C6)
Here {A,B} = AB+BC and the notation Pk(Oj? means
that Pk applies to OjΨj and not only to Oj : (j, p1, p2) 7→
Oj,p1,p2 , which is any operator acting on Ψj , i.e.
Pk(Oj ?Ψj ≡ Pk(OjΨj) , (C7)
so that Hk(θj)Ψj reads
Hk(θj)Ψj =− 1
2
R−1(θj)U(θj)U(θj)Pk(σ3R(θj)Ψj)
− 1
2
R−1(θj)U(θj)Pk(σ3U(θj)R(θj)Ψj) .
(C8)
The previous expressions lead to
Vj = 1− iH , (C9)
with
H =
2∑
k=1
K(θk1j , θ
k2
j ) +M0σx , (C10)
where
K(θk1j , θ
k2
j ) = Hk(θ
k1
j ) + Π
−1Hk(θk2j )Π . (C11)
We will now show that H is identical to H given by
(13). We can immediately check that the mass term
M0σx is the one given by (B4). We therefore need to
show that K(θk1j , θ
k2
j ) is identical to the term in square
brackets from Eq. (13). The total Hamiltonian H is lin-
ear in the Hk(θ
kl
j ). It is convenient to compute first each
Hk(θ
kl
j ) separately and then combine all results into H.
For each given (j, k, l), one can safely use the simplified
notations
U = U(θklj ) and R = R(θ
kl
j ) . (C12)
Equation (C6) leads to
Hk(θ
kl
j ) = −
1
2
R−1U [UPk(σ3 + Pk(σ3U ]R? (C13)
=
i
2
R−1U [U∂k(σ3R ?+∂k(σ3UR?] ,
which delivers
Hk(θ
kl
j ) =
i
2
R−1U [{U, σ3} (R∂k + ∂kR) + σ3(∂kU)R] .
(C14)
Now, we have
{U, σ3} = −2c12 , (C15)
where 12 is the 2× 2 identity matrix and
c = cos θklj , (C16)
and
R−1UR = −σ3 . (C17)
Hence,
Hk(θ
kl
j ) = −i
(
−cσ3∂k + 1
2
Ω
)
, (C18)
with
Ω = R−1U (2c∂kR− σ3(∂kU)R) . (C19)
We have
−cσ3 = Dkl =
[− cos θklj 0
0 cos θklj
]
, (C20)
and a straightforward computation involving only matrix
products and derivations shows that
Ω = ∂kD
kl , (C21)
so that
Hk(θ
kl
j ) = −i
(
Dkl∂k +
1
2
∂kD
kl
)
. (C22)
Now, we have
Π−1Hk(θklj )Π = −i
(
Akl∂k +
1
2
∂kA
kl
)
, (C23)
where the antidiagonal matrix is given by
Akl = Π−1DklΠ =
[
0 −i cos θklj
i cos θklj 0
]
. (C24)
Note that equations (C21)-(C24) are all written at fixed
(j, k, l) and thus involve in particular no summation over
k.
Combining (C21) and (C24) leads to
2∑
k=1
K(θk1j , θ
k2
j ) = −i
(
Bk∂k +
1
2
∂kB
k
)
, (C25)
where summation over is implied in the right-hand side.
This completes the proof.
